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Abstract. In this paper, we deal with a generalization of the geometry 
S-H | of parallelizable manifolds, or the absolute parallelism (AP-) geometry, in the context 

1 of generalized Lagrange spaces. All geometric objects defined in this geometry are 
not only functions of the positional argument x, but also depend on the directional 
argument y. In other words, instead of dealing with geometric objects defined on the 
manifold M, as in the case of classical AP-geometry, we are dealing with geometric 
objects in the pullback bundle n~ l {TM) (the pullback of the tangent bundle TM by 
7r : TM — > M). Many new geometric objects, which have no counterpart in the clas- 
sical AP-geometry, emerge in this more general context. We refer to such a geometry 
as generalized AP-geometry (G AP-geometry). In analogy to AP-geometry, we define 
a (/-connection in n~ 1 (TM) having remarkable properties, which we call the canon- 

j> | ical (/-connection, in terms of the unique torsion-free Riemannian (/-connection. In 

addition to these two (/-connections, two more (/-connections are defined, the dual and 
5_i ■ the symmetric (/-connections. Our space, therefore, admits twelve curvature tensors 



O 

o 



(corresponding to the four defined (/-connections), three of which vanish identically. 
Simple formulae for the nine non-vanishing curvatures tensors are obtained, in terms 
of the torsion tensors of the canonical (/-connection. The different VF-tensors admitted 
by the space are also calculated. All contractions of the h- and w-curvature tensors 
and the VF-tensors are derived. Second rank symmetric and skew-symmetric tensors, 
which prove useful in physical applications, are singled out. This paper, however, is 
not an end in itself, but rather the beginning of a research direction. The physical 
interpretation of the geometric objects in the GAP-space that have no counterpart 
in the classical AP-space will be further investigated in forthcoming papers. 
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1. Introduction 



The geometry of parallelizable manifolds or the absolute parallelism geometry 
(AP-geometry) ([5], [10], [T3], [15]) has many advantages in comparison to Rieman- 
nian geometry. Unlike Riemannian geometry, which has ten degrees of freedom (cor- 
responding to the metric components for n — 4), AP-geometry has sixteen degrees of 
freedom (corresponding to the number of components of the four vector fields defin- 
ing the parallelization). This makes AP-geometry a potential candidate for describing 
physical phenomena other than gravity. Moreover, as opposed to Riemannian geome- 
try, which admits only one symmetric linear connection, AP-geometry admits at least 
four natural (built-in) linear connections, two of which are non-symmetric and three 
of which have non-vanishing curvature tensors. Last, but not least, associated with 
an AP-space, there is a Riemannian structure defined in a natural way. Thus, AP- 
geometry contains within its geometrical structure all the mathematical machinary 
of Riemannian geometry. Accordingly, a comparison between the results obtained 
in the context of AP-geometry and general relativity, which is based on Riemannian 
geometry, can be carried out. 

In this paper, we study AP-geometry in the wider context of a generalized 
Lagrange space ([7], [H], [H], [12] )• All geometric objects defined in this space are 
not only functions of the positional argument x, but also depend on the directional 
argument y. In other words, instead of dealing with geometric objects defined on 
the manifold M, as in the case of classical AP-space, we are dealing with geometric 
objects in the pullback bundle 7r~ 1 (TM) (the pullback of the tangent bundle TM 
by the projection n : TM — > M) [Tj. Many new geometric objects, which have no 
counterpart in the classical AP-space, emerge in this more general context. We refer 
to such a space as a d-parallelizable manifold or a generalized absolute parallelism 
space (GAP-space). 

The paper is organized in the following manner. In section 2, following the 
introduction, we give a brief account of the basic concepts and definitions that will 
be needed in the sequel, introducing the notion of a non- linear connection N^. In 
section 3, we consider an n-dimensional (i-parallelizable manifold M ([2], [11]) on 
which we define a metric in terms of the n independent 7r-vector fields A defining the 

i 

parallelization on n~ l {TM). Thus, our parallelizable manifold becomes a generalized 
Lagrange space, which is a generalization of the classical AP-space. We then define 
the canonical d-connection D, relative to which the h- and w-covariant derivatives of 
the vector fields A vanish. We end this section with a comparison between the classical 
AP-space and the GAP-space. In section 4, commutation formulae are recalled and 
some identities obtained. We then introduce, in analogy to the AP-space, two other 
d-connections: the dual <i-connection and the symmetric (^-connection. The nine non- 
vanishing curvature tensors, corresponding to the dual, symmetric and Riemannian 
(i-connections are then calculated, expressed in terms of the torsion tensors of the 
canonical d-connection. In section 5, a summary of the fundamental symmetric and 
skew symmetric second rank tensors is given, together with the symmetric second rank 
tensors of zero trace. In section 6, all possible contractions of the h- and v- curvature 
tensors are obtained and the contracted curvature tensors are expressed in terms 
of the fundamental tensors given in section 5. In section 7, we study the different 
W-tensors corresponding to the different d-connections defined in the space, again 
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expressed in terms of the torsion tensors of the canonical d- connect ion. Contractions 
of the different VF-tensors and the relations between them are then derived. Finally, 
we end this paper by some concluding remarks. 

2. Fundamental Preliminaries 

Let M be a differential manifold of dimension n of class C°°. Let tt : TM — > M 
be its tangent bundle. If (U, x M ) is a local chart on M, then (7r _1 ([7), (x fJ ',y f1 )) is 
the corresponding local chart on TM. The coordinate transformation law on TM is 
given by: 

where ptf = and det(p^') ^ 0. 

Definition 2.1. A non-linear connection N on TM is a system of n 2 functions 
Np(x, y) defined on every local chart n~ l (U) of TM which have the transformation 
law 

n$ =viv%m + viv%.«,y°\ (2.1) 

where = = Q ®/ dxa , . 

The non-linear connection N leads to the direct sum decomposition 

T U {TM) = H U (TM) © V U (TM), V u e TM = TM\ {0}, 

where H U (TM) is the horizontal space at u associated with N supplementary to the 
vertical space V U (TM). If 5^ := <9 M - iV£<9 Q , where := d M := then (<9 M ) is 
the natural basis of V U (TM) and (5 M ) is the natural basis of H U (TM) adapted to N. 

Definition 2.2. A distinguished connection (d- connection) on M is a triplet D = 
(iV^, r^,, C^jJ, where N£(x,y) is a non-linear connection on TM and T® u (x,y) and 
C"(x, y) transform according to the following laws: 

= Pa P^'Pv'^v + Pe P^'v'i (2-2) 
Cp'v' = Pa P^iPv'CpV (2-3) 

In other words, r° transform as the coefficients of a linear connection, whereas C" u 
transform as the components of a tensor. 

Definition 2.3. The horizontal (h-) and vertical (v-) covariant derivatives with re- 
spect to the d-connection D (of a tensor field A°^) are defined respectively by: 

Al\ u -.= 5„A; + A^ u -A«Tl v] (2.4) 

A« llu :=d u A« + A^CZ-A:C^. (2.5) 

Definition 2.4. A symmetric and non-degenerate tensor field g IJlI/ (x,y) of type (0, 2) 
is called a generalized Lagrange metric on the manifold M . The pair (M, g) is called 
a generalized Lagrange space. 
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Definition 2.5. Let (M, g) be a generalized Lagrange space equipped with a non-linear 
connection N". Then a d -connection D = (N", T", C" ) is said to be metrical with 
respect to g if 

The following remarkable result was proved by R. Miron [8]. It guarantees the 
existence of a unique torsion-free metrical d-connection on any generalized Lagrange 
space equipped with a non-linear connection. More precisely: 

Theorem 2.6. Let (M,g) be a generalized Lagrange space. Let be a given non- 

o 

linear connection on TM. Then there exists a unique metrical d-connection D = 

(iv« r; u , cy such that k%, ■.= r; u - f? M = o and f; u ■.= c% - = o. tms 

d-connection is given by and the generalized Christoffel symbols: 

+ S^g^e- S e g^,), (2.7) 

+ d v g^-d e g^ u )- (2.8) 
This connection will be referred to as the Riemannian d-connection. 



= lg ae 0,g> 



3. rf-Parallelizable manifolds (GAP-spaces) 

The Riemannian (/-connection mentioned in Theorem 2.6 plays the key role in our 
generalization of the AP-space, which, as will be revealed, appears natural. However, 
it is to be noted that the close resemblance of the two spaces is deceptive; as they are 
similar in form. However, the extra degrees of freedom in the generalized AP-space 
makes it richer in content and different in its geometric structure (see Remark 3.6). 

We start with the concept of <i-parallelizable manifolds. 

Definition 3.1. An n-dimensional manifold M is called d-parallelizable, or general- 
ized absolute parallelism space (GAP-space), if the pull-back bundle 7r _1 (TM) admits 
n global linearly independent sections (n -vector fields) \{x, y), i = l,...,n. 

i 

If A = ( A a ), a — 1, n, then 

i i 

X a X/3 = Sg, X a X a = Sij, (3.1) 

i i " i j 

where (A Q ) denotes the inverse of the matrix (X a ). 

i i 

Einstein summation convention is applied on both Latin (mesh) indices and Greek 
(world) indices, where all Latin indices are written in a lower position. 

In the sequel, we will simply use the symbol A (without a mesh index) to denote 
any one of the vector fields A (i = l,...,n) and in most cases, when mesh indices 

i 

appear they will be in pairs, meaning summation. 

We shall often use the expression GAP-space (resp. GAP-geometry) instead of 
d-parallelizable manifold (resp. geometry of d-parallelizable manifolds) for its typo- 
graphical simplicity. 
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Theorem 3.2. A GAP-space is a generalized Lagrange space. 
In fact, the covariant tensor field g^x, y) of order 2 given by 

g»v(x,y) ^XnK, ( 3 - 2 ) 

defines a metric in the pull-back bundle n~ l {TM) with inverse given by 

g^{x,y)=X»X v (3.3) 
Assume that M is a GAP-space equipped with a non-linear connection N". By 

o 

Theorem 2.6, there exists on (M,g) a unique torsion-free metrical d-connection D = 

o o 

(A", T^, (7™ ) (the Riemannian (i-connection). We define another rf-connection D = 
(N«,T« u ,Cp in terms of D by: 

o 

■= C^ u +X a X^o^. (3.5) 
Here, " ? " and " jj " denote the h- and -u-covariant derivatives with respect to the Rie- 

o 

mannian (i-connection D. If " | " and " 1 1 " denote the h- and i>-covariant derivatives 
with respect to the (i-connection D, then 

X\ = 0, A^ = 0. (3.6) 
This can be shown as follows: \\ = 5^X a + AT^ = 5^X a + A e (f^ + X a A eV ) = 

o 

($uX a + X e T" ) — X a °J X e A e ) = 0. In exactly the same way, it can be shown that 

^ 3 I « 3 

A a || M = 0. Hence, we obtain the following 

Theorem 3.3. Let (M, X(x,y)) be a GAP-space equipped with a non-linear con- 

i 

nection JV". There exists a unique d-connection D = (N", T° , C°) ; swc/i t/iat 
A a | M = A^n^ = 0. This connection is given by N*, (3.4) and (3.5). Consequently, D 
is metrical: g^y = gV|| CT = 0. 

This connection will be referred to as the canonical (i-connection. 

It is to be noted that relations (3.6) are in accordance with the classical AP- 
geometry in which the covariant derivative of the vector fields A with respect to the 
canonical connection r" = X a (d u X ll ) vanishes [151 . 

Theorem 3.4. Let (M, X(x,y)) be a d-parallelizable manifold equipped with a non- 

i 

linear connection N®. The canonical d-connection D = {N^,T^ U ,C^ U ) is explicitly 
expressed in terms of X in the form 

T« u =X a (5„X,), C£,=A a (&A M ). (3.7) 

Proof. Since X a \„ = 0, we have 5 u X a = — A e T^. Multiplying both sides by A M , 
taking into account the fact that A Q A M = <5", we get = — XJS u X a ) = X a (S u Xn). 
The proof of the second relation is exactly similar and we omit it. □ 

It is to be noted that the components of the canonical d-connection are similar 
in form to the components of the canonical connection in the classical AP-context 
[To] , noting that d u is replaced by 5 U (for the /i-counterpart) and by d u (for the 
^-counterpart) respectively (See Table 1). The above expressions for the canonical 
connection seem therefore like a natural generalization of the classical AP case. 

By (3.4) and (3.5), in view of the above theorem, we have the following 



5 



Corollary 3.5. The Reimannian d-connection D = (N®, r" , ) explicitely 
expressed in terms of A m i/ie /orm 

i 

o o 

r L = X*($i>K - \°v), C a = \ a (d„\ fl - Xtf v). (3.8) 

• % % * I 1 1 * 1 1 

Remark 3.6. As a result of the dependence of A on the velocity vector y, the n 3 
functions A a (ct A„), as opposed to the classical AP-space, do not transform as the 

i i 

coefficients of a linear connection, but transform according to the rule 

X*\ dv , A„) = vi^vl, X a (d u A,) + vif^, + vif^^'C^. (3.9) 

Similarily, it can be shown that, in general, tensors in the context of the classical 
AP-space do not transform like tensors in the wider context of the GAP-space; their 
dependence on the velocity vector y spoils their tensor character. In other words, 
tensors in the classical AP-context do not necessarily behave like tensors when they 
are regarded as functions of position x and velocity vector y. This means that though 
the classical AP-space and the GAP-space appear similar in form, they differ radically 
in their geometric structures. 

We now introduce some tensors that will prove useful later on. Let 

o o 

«,Q! . \ a \ r° r a r^oi . \ a \ syce (o 1 

lnv ■= A >^ = 1 tu, ~ 1 ^ °V - = ? >^ = C V _C V^ (3.1UJ 

In analogy to the AP-space, we refer to 7^, and as the h- and ^-contortion tensors 
respectively. 
Let 

A a -pa _ T a _ a _ a (3 -qX 

flV jlV V(l I (IV IV(l V / 

be the torsion tensor of the canonical connection T° u and 

n^:=T^ + 7S.- (3-12) 

Similarly, let 

1 (iv-— Ly (iv ^Vfi — ^(iv ~ ^v/i {O.Ld) 

be what we may call the torsion tensor of C° u and 

D; u := + G a Ufl . (3.14) 

Now, if 7 CTMV := geal% and G a/iu := g^G^, then 7^ and G afiu are skew symmetric 
in the first pair of indices. This, in turn, implies that 

H = G% = 0. (3.15) 

Hence, if e e 

fin ■— l(iei Bp -~ G fie) 

then 

Ke = lU =P» T* e = G% = B,. (3.16) 

Finally, it can be shown, in analogy to the classical AP-space [3] , that the contortion 
tensors 7^ and G^ ua can be expressed in terms of the torsion tensors in the form 

lliva = -^{^ilvct + Kvii + Kail) (3-17) 

G p,va ~^~^iiv<j Tfyy^ ~\- T UCT ^j, (3.18) 
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where A^ ua := g € ^A e ua and T^ ua := g^T^ a . It is clear by (3.11), (3.13), (3.17) and 
(3.18) that the torsion tensors vanish if and only if the contortion tensors vanish. 

The next table gives a comparison between the fundamental geometric objects 
in the classical AP-geometry and the GAP-geometry. Similar objects of the two 
spaces will be denoted by the same symbol. As previously mentioned, "/i" stands for 
"horizontal" whereas u v " stands for "vertical" . 



Table 1: Comparison between the classical AP-geometry and the 

GAP-geometry 





Classical AP-geometry 


GAP-geometry 


Building blocks 


X a (x) 


X a {x,y) 


Metric 


n ( x) = A (97) A IT) 


n it v/l =A (x in A it ?/) 


Riemannian connection 


o 


o 

r JL = |# ae {<W^ + S^g^ + S^g^} (h) 

o 

G %» = w {^gue + dug^ + deg^} (v) 


Canonical connection 




=A a (<5„ A„) (/i-counterpart) 


AP-condition 


*V = 


A Q | M = (/i-covariant derivative) 

A^ii 1 9 l-COA/'Pl Tl ?1 Tlf nP'TlAA^f lAT'P 1 
/\ ^ W ^ (y LAJ V Cll ICllilj 1 V CX LI V 


Torsion 


\a -pa -pa 

flV flV UfJ, 


A ^ = r % ~ r ^ (/i-counterpart) 
T %v = C % - C wn (^-counterpart) 


Contorsion 


a _ -pa _ -pa 

I [iv fiv [iv 


o 

% v = v % - Ky. (/i-counterpart) 
G% = C% - C% (^-counterpart) 


Basic vector 


3 = A a =i a 


A* = A U = 7^ (/^-counterpart) 
B n = T ^a = G ^a (^-counterpart) 
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4. Curvature tensors in Generalized AP-space 

Owing to the existence of two types of covariant derivatives with respect to the 
canonical connection D, we have essentially three commutation formulae and conse- 
quently three curvature tensors. 

Lemma 4.1. Let [6 a ,5^\ := S a S fJi — 5^5^ and let [8 ai d^\ be similarly defined. Then 

Per, ^] = K, 4, [8„ S„] = iW) 4, (4.1) 

where R°;,, := 5,,N" — <LiV" is the curvature tensor of the non-linear connection N". 

Theorem 4.2. The three commutation formulae of X a corresponding to the canonical 
connection D = (N" , ) are given by 

(a) AV - A^ = A e i^ + A*, e A^ + X a l]e R^ 

(b) A Q || M(T - A Q || aAt = A 6 ^ + A a || e T^ 

(c) A ^^ - A a | CT || M = A e P e ^ CT + A a | e C£ M + A a || e PJ M , 
w/iere 

^ = = («„ - <WJ + (r^r« - r^ry + l^, (hrcurvatun) 

^ : = C a Ma - d,T a ya - P^CZ, (hv-curvature) 

given that L^ a :=C«R^ and := - . 

A direct consequence of the above commutation formulae, together with the fact 
that A a | M = X a \\fj, = 0, is the following 

Corollary 4.3. The three curvature tensors R"^, S° and Py^ a of the canonical 
connection D = (N^,T^ U ,C^ U ) vanish identically. 

It is to be noted that the above result is a natural generalization of the corre- 
sponding result of the classical AP-geometry |15j . 

The Bianchi identities jl] for the canonical (i-connection (N^,F° ,C" ) gives 
Proposition 4.4. The following identities hold 

(a) e w A£ Mk = 6 W (A£A^ + L« ua ) 

(b) & u ^T^ a = & u ^{T^TL), 

where 6,,^^ denotes a cyclic permutation on u, /i, a. 

Corollary 4.5. The following identities hold: 

( a ) A He =P*\v- P»\V + + &e,^Ll UfM . 

( b ) T uu\\e = B H\W ~ B "\\V + B eTj*vi 
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Proof. Both identities follow by contracting the indices a and a in the identities 
(a) and (b) of Proposition 4.4, taking into account that (3^ = A^ e , £> M = and 

j a _ _T a |—| 

In addition to the Riemannian and the cannonical ^-connections, our space 
admits at least two other natural d- connect ions. In analogy to the classical AP-space, 
we define the dual d- connect ion D = (N£, T" v , C^,) by 

-pa -pa /^ia /~ia /a r\\ 

and the symmetric d— connection D = (N",T" , ) by 

r£ := + ry , := + c»). (4.3) 

Covariant differentiation with respect to r" and r° will be denoted by " | " and " | " 
respectively. 

Now, corresonding to each of the four (i-connections there are three curvature 
tensors. Therefore, we have a total of twelve curvature tensors three of which, as 
already mentioned, vanish identically. The vanishing of the curvature tensors of 
the canonical d-connection allows us to express, in a relatively compact form, six of 
the other curvature tensors (the h- and v-curvature tensors) corresponding to the 
Riemannian, symmetric and the dual (i-connections. These curvature tensors are 
expressed in terms of the torsion tensors A^,, Tj? v and their covariant derivatives with 
respect to the canonical (i-connection, together with the curvature R^ u of the non- 
linear connection N®. The other three /w-curvature tensors are calculated, though 
their expressions are more complicated. This is to be expected since the expression 
obtained for the /iw-curvature tensor of the canonical (i-connection lacks the symmetry 
properties enjoyed by the h- and v-curvature tensors. 

Theorem 4.6. The h-, v- and hv-curvature tensors of the dual d-connection D = 
(N£, r^, C" u ) can be expressed in the form: 

( a ) R %v = Kv\n + C eixKu + L avf, + Kaa- 
( D ) S%rv — ^av\\ix- 



The corresponding curvature tensors of the symmetric d-connection D = (N", r™, C y 
can be expressed in the form: 

(d) R\ v = l(A^ |ff - A- CT| J + \{A%AZ - K^Ke) + HKuK) + \{T^K V ). 

I p\ ca _ \! r Pa. n~<a \ i \( r V€ rpa n^e n^a's < \( r V€ r P a \ 

y^l °iKjv ~ 2V iU>\\o fur\\uJ ' 4 L \ 1 liu J -at 1 fj,<T- L ue) ' 2 \ cru 1 efi ) ■ 

(e\ pa _ 1 fAa _A Q _|_ I A e T a — 1 K a n e _|_ I (h A e A" _ i P ( T c 

K 1 ) 1 vp.a ~ 2 vVH°" <rv\\li) ' 4 lv an ev 2 ly ev^afJ, ' 4 Mj^j^ >tf ae 2 ei 



a 

fiuJ 
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The corresponding curvature tensors of the Riemannian d-connection D = (N", r" , C" u ) 
can be expressed in the form 

(s) R a = 7° , - 7 , + 7 £ 7 tt _ f 7 « + A e + G a R e 
\oJ ^^^tau I i_iu\(t I flaw I fJ.cr lev I fiu lea 1 I fie u a 1 fie va 

o 

(V>\ C Q /"to /^la i /"*£ /"to /"*e /"to i /"to rp e 

W ^fiau - °Hk ~ Vlk + ^fia^ev ~~ ^fiv^ec + ^fie 1 ^- 

(i) = dvrfa - G« Ma + {G € UIX - - (G£ - C^H a + 

Proof. We prove (a) and (c) only. The proof of the other parts is similar. 

(a) We have 

pa iT pa r pa _j_ pe pa pe pa i /~iol rye 

^fiav ~ °v L ficr ~ °o- L p, v \ 1 ^o- 1 e^ 1 fiv L ea ' ( ~ y fie^au 

r pa c pa , pe pa pe pa i sya pe 

°v*- Gfl "o" 1 i/^ + l o-^l ^ e 1 T t> efi^av 

= {8 v v^ + r^(A« + r« )} - + ryA« + O} 

/ pa /ia pe i X pa , pe pa \ / pa /~ia pe 

— \ n afiv ~ ^oe^fiv ' °fi L av + 1 crjA e/J — ^iz/jer — ° t/e n fiir 

+ ^ r °(7 + r^r^) - (r^A° + r^A°j + c^i^. 
= ^uA"„ + r F „A^.„ — r^A^ — r^A" e + c^R e av + c" e R e ull + c^r^ 



Krv\fi + ^efi^au + ^W/j + ^/ier" 



(c) We have 



= c a Ma + (c;^ - - b,Ku - - 4^cc + <£) 

+ (A^ + r^)(T e : + o 
= - - ry i£ - d,K u + a^c- + (c;^ - c» , J 

= ^^VJ(7 ~~ ^vfi\a) + A^C™ — d^Krv ~ P^fl^ev 

— T a -I- \ a _ r 10 A e — A \ a — P e T a 

~ ± iiv\(y ' ^fii/^ae ^fie^au u H ly ov 1 ev 

= T® u \ a — d^A® u + (T*„ + C^ M )A" e — (T° e + C^)A e al , — P^T^, 
- T a — A a _i_T e A a _ r y a \ e _ \ a n e _ P e T a n 

fiu\a <rv\\{i ' /if ere fie o~v eu^afi ofi ew 



5. Fundamental second rank tensors 

Due to the importance of second order symmetric and skew-symmetric tensors 
in physical applications, we here list such tensors in Table 2 below. We regard these 
tensors as fundamental since their counterparts in the classical AP-context play a 
key role in physical applications. Moreover, in the AP-geometry, most second rank 
tensors which have physical significance can be expressed as a linear combination 
of these fundamental tensors. The Table is constructed as similar as possible to 
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that given by Mikhail (cf. [5], Table 2), to facilitate comparison with the case of 
the classical AP-geometry which has many physical applications [H]. Correspond- 
ing "horizontal" and "vertical" tensors are denoted by the same symbol with the 
"vertical" tensors barred. It is to be noted that all "vertical " tensors have no coun- 
terpart in the classical AP-context. 



Table 2: Summary of the fundamental symmetric and skew-symmetric 

second rank tensors 



Horizontal 


Vertical 


Skew-Symmetric 


Symmetric 


Skew- Symmetric 


Symmetric 






■ G fa/ q> 








07^ := B a G^ a 








0%v ■= B e T* u 


0(j)^ := B e 


Xfif := ^-^a 






0^ := D^ a 


tfiv ■ 2~(f3[i\v A' I A 4 ) 




e nu '■= \{Bfj\\ v — Bv\\n) 


0&fj,v '■= 1(^11" + B u \\fj) 


l. ._ ~,e _ -,e ~a 


hjj,v '■= 7q^i7i/£ + l^alev 


0k ^ := G e a)l G^ e — G^G^ 


0h flv := G t aj fi1 e + G^G^ 








0a ^ := G e ap G% 




e a 

^fiv ■— lvalue 




0^fiu '■= G^G^z 








0a ^ := B^B U 



Due to the metricity condition in Theorem 3.3, one can use the metric tensor 
and its inverse g^ u to perform the operations of lowering and raising tensor indices 
under the h- and v- covariant derivatives relative to the canonical ci-connection. 

Thus, contraction with the metric tensor of the above fundamental tensors gives 
the following table of scalars: 
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Table 3: Summary of the fundamental scalars 



Horizontal 


a := pppi* 




<f> := & n e " M 


1> ■= « Q %| Q 










Vertical 


0a := 




0^ := B e 




0lo := G^ a G« £ 


0a := GV 1 G% 


0/i := 2G afl e G e afl 





In physical applications, second order symmetric tensors of zero trace have special 
importance. For example, in the case of electromagnetism, the tensor characterizing 
the electro-magnetic energy is a second order symmetric tensor having zero trace. So 
it is of interest to search for such tensors. The Table below gives some of the second 
rank tensors of zero trace. 



Table 4: Summary of the fundamental tensors of zero trace 



Horizontal 


Vertical 


4>nv + 2a M ^ 


0(f) ^ + 26^ 


W + 2 ^ 


0^V + 206 ^ 




0h iW + 200;^ 







We now consider some useful second rank tensors which are not expressible in 
terms of the fundamental tensors appearing in Table 2. Unlike the tensors of Table 2, 
some of the tensors to be defined below have no horizontal and vertical counterparts. 
To this end, let 

o 

f T a _ /~ia pe ]\/r ro _ r~iot pe at (~ia pe p fia pe 

Then, clearly 

T -1 ]\f AT _ '-pot pe i* p _ /^fa pe ^ rp _ (~ta pe 

^/Uf • lvl fiu 1 ^ flu ± fj,e ri 'av^ ^ \w ■ lvl fj,u r fiv jie ^avi ^ fJ,v 1 fiv "e/x av 

Finally, let T := g^T^ and G := g^G^. By the above, we have the following: 
Symmetric second rank tensors: N^u), F{^u)- 

Skew-symmetric second rank tensors: M^j, A^j, i 7 ]^], L^ v . 
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6. Contracted curvatures and curvature scalars 



It may be convenient, for physical reasons, to consider second rank tensors derived 
from the curvature tensors by contractions. It is also of interest to reduce the number 
of these tensors to a minimum which is fundamental (cf. Propositions 6.1 and 6.2). 

Contracting the indices a and /i in the expressions obtained for the h- and in- 
curvature tensors in Theorem 4.6, taking into account Corollary 4.5, we obtain 

Proposition 6.1. Let lZ al/ := R^ aJV , lZ au := B^ av and lZ av := R°^ av w ^h similar 
expressions for S au , S av and Sen,. Then, we have 



» R-av 


= 0a\v — 


0v\a + PeJKu + BeR%vi 


» s av 


= B a \\ v - 




[c) R-au 


- ±K 




A) Sav 


- 1 <? 

2 ^cru i 




O 

» R uv 


o 

— S<jv — 


0. 



Proposition 6.2. Let := R^ a , R^ := R* aa and R^ := R^ aa with similar 
expressions for S^ a , S^ a and S^ a . Then, we have 

a) R^ = Pa\n + C^R e aa + L% afl + L^, 

b) S^o- = B^wn, 

C) R^o = \R^a + l{PeK» + A L A ^}i 

d) S^a = \S^ a + \{B e T^ + T^T^}, 

o o 

c \ c co td ria i r> rie ria rie 

I) .- - - Lr M(T || Q + tSfSj^ - ^^aoL' 

Proposition 6.3. The following holds. 
a) R[fj,a] = |{Ar|/ 1 — /3/i|o-} + Cl a R^ a + C^i?" M — C^ a ^R^ a) 

c) S[^ a ] = \{B a \\^ - B^}, 

d) = |{-B CT || At + B^\\ a }, 

e) R[na] = \R\mt] + \PeK»i 

f) R^a) = \R{^) + lA^A^, 

g) S[imt] = \S[^\ + \B e T^, 
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(h) Sqw) - |%a) + \ T aa T ^ 

(i) R\fia] = \{^c\fiu + C ae R afi ~ C % R aa} ' 

O 

(j) R(jw) = \{{Pfl\u + ^Im) ~ ^<x|a + Pi ~ 7^e laa + ^ + G ae R%ij} , 

O 

(k) S 1 ^] = 0, 

(1) V) = \{{B,\\a + B^ L ) - D^ a + B e D^} - G« G e aOL . 
Corollary 6.4. T7ie following holds: 



(a) i£ 


:= = 


Oct i rpecr pa 


(b) ^ 


:= g^Sue = 


B a \\a, 


(c) ife 


:= g^R^ = 


I{^ k + T- i2«} + iA- A«, 


(d) S? 


■■= g^S^ = 




(e) fc a 


■^g^Ka = 


: /3V " + |A* ^ " T° e 7aa + 


(f) ^ 




r?cr 1 7~)ckx j_ 1 n 7~)ctCT riau /~~l£ 
t> \\v — 2 U u \\ a + 2^ a cr — ^ £ ^cra 



We now apply a different method for calculating both R^ and S^, now expressed 
in terms of the covariant derivative of the contorsion tensors with respect to the 
Riemannian d-connection. Then we obtain 

o o 

Proposition 6.5. The "Ricci" tensors and can be expressed in the form 

(a) R^ = - - (3^ + nfcfe + G %K„- 

(b) Sf^a = B^o a - G^o - B t G^ a + G^G%. 

Proof. We prove (a) only; the proof of (b) is similar. 

We have 

- (r^ + 7^)(C + 7fJ + ^ a ^ 

Rfia i^al/fia leaJ- \ia) i^alfia Ifia^ea lea^ fia 

_ 7 Q f e ) + R e (C a - C a ) + 7 e 7° - 7 e i a 

I fie aa) 1 u aa\ fie ^ fie) ' I fia lea I fia lea' 

Consequently, 

K = P*i* - fya - Pel% + 1^1% + G« e R* aa . □ 
In view of Proposition 6.2 (e) and (f) and Proposition 6.5, we obtain 



11 



Corollary 6.6. The following identities holds: 

(a) ((3^ - (3,o a ) - _ rfr. J = ( 7 ^« - 2 /3 e7 ^) 

(b) (5,11, - B,o) - (G^ ||q - GJ.) = (G^ a D« e - 2B e G^). 



The next two tables summarize the results obtained in this section, where the 
contracted curvatures are expressed in terms of the fundamental tensors. 

Table 5 (a): Second rank curvature tensors 





Skew-symmetric 


Symmetric 


Dual 












Symmetric 










S(M<t) = 2^W) + K ^ CT _ 0Ct V - 00>er} 


Riemannian 


O 

= 2^^ ~ ^W] 


O 




o 


O 

S'( AI <t) = 00/«7 - |(0VV ~ <?V) _ 0Li V 



Table 5 (b): h- and v-scalar curvature tensors 





h-scalar curvature 


v-scalar curvature 


Dual 


R% = 6 + T 




Symmetric 


K = \{e + T)-\{^ + a) 


S% = ±09 - \(30cu + 0a) 


Riemannian 


R° = 9 — - 4>)—u + G 


SI = 09 - i(0V> - 00) - 0U 
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7. The VF-tensors 



The V^-tensor was first defined by M. Wanas in 1975 [IB] and has been used by 
F. Mikhail and M. Wanas |6j to construct a geometric theory unifying gravity and 
electromagnetism. Recently, two of the authors of this paper studied some of the 
properties of this tensor in the context of the classical AP-space [15] . 

Definition 7.1. Let (M, A) be a generalized AP-space. For a given d-connection 
D = (Np,r^ v ,C"), the horizontal W -tensor (hW -tensor) is defined by the 

formula 

whereas the vertical W -tensor (vW -tensor) V™ is defined by the formula 

where " \ " and " \ \" are the horizontal and the vertical covariant derivatives with 
respect to the connection D. 

We now carry out the task of calculating the different V^-tensors. As opposed 
to the classical AP-space, which admits essentially one VF-tensor corresponding to 
the dual connection, we here have 4 distinct IV-tensors: the horizontal and vertical 
VF-tensors corresponding to the dual (i-connection, the horizontal IV-tensor corre- 
sponding to the symmetric d-connection and, finally, the horizontal VF-tensor corre- 
sponding to the Riemannian (i-connection. The remaining VK-tensors coincide with 
the corresponding curvature tensors. 

It is to be noted that some of the expressions obtained for the W-tensors are 
relatively more compact than those obtained for the corresponding curvature tensors. 

Theorem 7.2. The hW-tensor H® a} the vW-tensor V^ ua , the hW-tensor H^ ua and 

o 

the hW-tensor H^ ua corresponding to the dual, symmetric and the Riemannian 
d-connections respectively can be expressed in the form: 

(a) H^ a = A^ + A« ff A« + e^ a L- av . 

(b) ^ = T HIm + T - T £- 



a 



(c) H^ a = I(A£, |ff - A^J + |(A^A- e - A^A° ) + UK»K»j- 

(d) H a = 7° i - 7 a , + 7 e 7° - 7 e 7° + A e 7° . 

V / \iva I fiv\cr I fia\i/ 1 ' /J.cr leu I /j,u lea ' va I fie 

Proof. We prove (a) only. The proof of the other parts is similar. We have 

Hence, taking into account Theorem 4.6 (a), we obtain 

H" va = R^au +-^ a (^A A1 -A^rf )A^ +X a (d e X IM -\pCP )R e av 

= Ry,av + ^lai^e ~ ^efi) + R%rv\P%. ~ ^e/J 

= h%u\n + ^ep-^vv + ^"W/i + ^vpa + + ^e^av 

= Kv\fi + T en R %v + C % R lu + L au^ + L u^a + Ko^% + T ^e R au 

— Krv\u + ALA" + □ 
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Proposition 7.3. Let H ua := H% ua , Ti.ua '■= H% ua and Tt VCF := H" ua with similar 
expression for V va . Then, we have 

(a) H ua = (3 aW - p uW + 2&A^, 

(b) V„ CT = B a \\ v — B v \\ a + 2B e T^ u , 

(c) H va = \{H vrj + PeK*h 

(d) u va = 0. 

Proposition 7A. Let := H^ aa , := H™ aa and E ^ := H^ aa with similar 
expressions for . Then, we have 

(b) V^^B^ + T^T-, 

(c) H, a = \H, a + \{P e \^ + K a K« e ), 

(d) = (3, w - 7 ^ |Q + - 
Proposition 7.5. The following holds: 

(b) = H/ 5 -^ + fl*k> + 

(c) V[H = \{B<r\\li - B^\\ a }, 

(d) = \{B^ + 5,| k } + t^t; £! 

(e) = + i&A^, 

(f) #( M <t) = + 4^ a A° e , 

o 

(g) = 36^1^, 

(h) = + - n^ |a + /3 e n^} - 7-7^. 
Corollary 7.6. i/ie following holds: 

(a) F° = /3% + A^A^, 

(b) ^ = B«|| Q + ^T«, 

(c) tf Q Q = \p\ a + JA^A^, 

(d) E\ = f3\ - \n a %\ a + IVaWr - T\i% a . 

Taking into account Proposition 4.4, Theorem 7.2 and the Bianchi identity [1] 
for the Riemannian d-connection, we get the following 
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Proposition 7.7. The hW-tensors H^ ua) H^ U(7) H^ ua . and the vW-tensors V^ V(J satisfy 
the following identities: 

(a) 6^ H- va = 2&, !U , a (A% Ka + L%J. 

(b) V« a = 2& tl>1/>a (T« Tt a ). 

( c ) &n,u,a H® va = 6^,i/,(t J^ctv 

O 

(d) &n,i> ) a-H flll(T — &i 1)V)CF L'^ (TJ ,. 

We collect the results obtained in this section in the following tables, where the 
contracted H^-tensors are expressed in terms of the fundamental tensors. 



Table 6 (a): Second rank W-tensors 





Skew-symmetric 


Symmetric 


Dual 






V [fux] = e afl 




Symmetric 


H^a] = §#[/«t] + ±77^ 




Riemannian 


o 

" \jmt] = 2 M ff ~ [M CT ] 


O 



Table 6 (b): Scalar W-tensors 





h-scalar W-tensors 


v-scalar W-tensors 


Dual 


H% = 6 - (3lj + a) 


Vf = 6- (3u> + a) 


Symmetric 


H? = ±0 - \(3u> + v) 




Riemannian 


hi = e-\^-<p)-u 
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Concluding remarks 



In the present article, we have developed a parallelizable structure in the con- 
text of a generalized Lagrange space. Four distinguished connections, depending on 
one non-linear connection, are used to explore the properties of this space. Different 
curvature tensors characterizing this structure are calculated. The contracted 
curvature tensors necessary for physical applications are given and compared (Tables 
5(a)). The traces of these tensors are derived and compared (Table 5(b)). Finally, 
the different VF-tensors with their contractions and traces are also derived (Tables 
6(a) and 6(b)). 

On the present work, we have the following comments and remarks: 

1. Existing theories of gravity suffer from some problems connected to recent 
observed astrophysical phenomena, especially those admitting anisotropic 
behavior of the system concerned (e.g. the flatness of the rotation curves of 
spiral galaxies). So, theories in which the gravitational potential depends on 
both position and direction are needed. Such theories are to be constructed 
in spaces admitting this dependence. This is one of the aims motivating the 
present work. 

2. Among the advantages of the AP-geometry are the ease in calculations and the 
diverse and its thorough applications. In this work, we have kept as close as 
possible to the classical AP-case. However, the extra degrees of freedom in our 
G AP-geometry have created an abundance of geometric objects which have no 
counterpart in the classical AP-geometry. Since the physical meaning of most of 
the geometric objects of the classical AP-structure is clear, we hope to attribute 
physical meaning to the new geometric objects appearing in the present work, 
especially the vertical quantities. 

3. Due to the wealth of the GAP-geometry, one is faced with the problem of choos- 
ing geometric objects that represent true physical quantities. As a first step to 
solve this problem, we have written all second order tensors in terms of the 
fundamental tensors defined in section 5. This is done to facilitate comparison 
between these tensors and to be able to choose the most appropriate for physical 
application. The same procedure has been used for scalars. 

4. The paper is not intended to be an end in itself. In it, we try to construct a 
geometric framework capable of dealing with and describing physical phenom- 
ena. The success of the classical AP-geometry in physical applications made us 
choose this geometry guide line. 

The physical interpretation of the geometric objects existing in the GAP- 
geometry and not in the AP-geometry will be further investigated in a forth- 
coming paper. 
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